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COORDINATION  OF  A  LINEAR  PHASED  ARRAY 
OF  WAVEGUIDE  RADIATORS  WITH  WIDE-ANGLE 
SCANNING  IN  THE  E  PLANE 
0.  G.  Vendik  and  L.  V.  Rizhkova 

This  work  examines  a  system  of  linear  antenna  array  of  waveguide 
radiators  which  permits  the  compensation  of  the  variation  in  the  reflec¬ 
tion  coefficient  at  the  input  of  the  system  in  the  scanning  sector. 

The  parameters  of  the  system  were  determined.  The  calculation  carried 
out  for  the  dependence  of  the  reflection  coefficient  at  the  input  on 
the  scanning  angle  shows  that  the  compensation  improves  the  coordina¬ 
tion  significantly  in  a  wide  scan  sector. 

Formulation  of  the  Problem 

The  problem  of  matching  a  phased  array  in  a  wide  scanning  sector 
arises  as  a  result  of  the  fact  that  when  the  position  of  the  beam  chan¬ 
ges  the  fields  induced  due  to  the  interrelationship  between  the  elements 
also  change;  consequently,  the  modulus  and  phase  of  the  reflection  coef¬ 
ficient  change  in  each  channel. 

The  object  of  this  work  is  to  investigate  the  possibilities  of 
minimizing  of  the  reflection  coefficient  at  the  input  of  an  arbitrary 
element  of  a  linear  array  of  waveguide  radiators  over  a  wide  scan  sec-' 
tor.  This  waveguide  scheme  for  the  excitation  of  the  array  is  a  develop¬ 
ment  of  the  connecting-circuit  technique  proposed  by  Hannan  [1]  and 
discussed  by  the  authors  in  [2,  3,  and  4]. 

Let  us  examine  the  construction  of  Fig.  1.  Here,  regions  I  and 
III  are  waveguide  arrays  with  cross  section  ab,  whose  wi'ide  sides  are 
adjacent  to  one  another.  Regions  II  and  IV  are  systems  of  parallel  plates 
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with  the  distance  between  them  equalling  a.  If  all  the  waveguides  are 
excited  inphase,  the  plane  wave  travels  from  one  region  to  the  other 
without  distortions,  and  the  reflection  coefficient  in  any  section  of 
region  I  is  equal  to  zero.  When  an  array  with  a  progressive  phase 
shift  is  excited,  a  reflected  wave  appears  at  the  input  of  the  system. 
It  is  necessary  to  select  the  electrical  lengths  of  regions  II  and  III 
such  that  the  reflection  coefficient  at  the  input  of  the  system  will 
remain  relatively  small,  when  scanning  over  a  wide  sector. 

Determining  the  field  structure  in  region  II 

Basic-type  field  in  region  Is 

=  Eq  cos  —  e‘  "V**  (e“ !T'  +  /?,  eiyg) 

4 

//,= - —  E0cos  —  e*  w  (  e"  *  *  *  -*?,  e1  v*) 

“M«  a 

where  m,„y0  is  a  phase  shift  between  waveguides  due  to  the  control 
system;  -  coefficient  of  reflection  from  the  boundary  I— II  for  the 
basic  type. 

The  field  of  incident  waves  in  region  II  we  write  in  the  form  of 
the  Fourier-integral  expansion  in  the  k  derivative  of  y: 
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where  k  is  the  transverse  wave  number  with -respect  to  y;  y*  -  longitud¬ 
inal  wave  numbers  of  each  of  the  variants  with  respect  to  y. 

We  write  the  boundary  conditions  for,  Ey  and  Hx  with  z=0: 

£#  cos  —  e'  m<J'»  '*  (1  -f  /?i)  =  l  A.k.  cos  —  e- 1  *  vdk 

°  J  "  .(!>  (1) 

- *-£0cos—  e' "*(1  —  Ri)  - - —  f  Y,*)  A  k  cos-ii 

These  boundary  conditions  are  approximate,  since  the  higher  types 
of  fields  are  not  taken  into  account  in  region  I. 

We  multiply  the  obtained  equations  by  e>h,y  and  integrate  for  all 
y.  Due  to  the  orthogonality  of  the  proper  fields,  only  the  components 
for  which  k=k '  will  remain  on  the  right  sides  of  equations  (1).  Then 
we  obtain 

MbA^  =  £„(!  /?,)/  c  "« "> " o'  **  *•  dy  j 

where  M  is  the  number  of  waveguides,  Mb  -  total  dimension  of  the  anten¬ 
na  with  respect  to  y.  The  integral  on  the  right  sides  of  (2)  can  be 
divided  into  the  terms,  which  correspond  to  the  individual  waveguides. 
These  terms  will  differ  only  in  the  phase  factors,  which  depend  on  the 
waveguide  number  and  on  the  angle  of  scan.  Then  the  entire  integral 
can  be  represented  by  the  sum 

M-f  »/? 

VtJ j 

After  adding  and  integrating,  we  obtain  the  following  system  of 
equations: 

*’  b  -  k'b  ,  . » 
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We  direct  M  towards  infinity.  In  this  case  the  factor  — M ~  *  bu~- 

Afsin«t-r  k'bu'i 

tends  towards  unity  with  fc'==  (2n;»— ^  »  where  p oo, and  becomes  zero 

with  all  other  values  of  k‘.  Thus,  in  an  infinite  system,  k’  has  a  dis¬ 
crete  spectrum  of  values  and  not  a  continuous  one. 

From  (3)  we  determine  the  amplitudes  of  the  field  components  in 
region  II 

i  kb 

sin  - 

2  V 


where 


v,"£i  d  «  v,,-, 


f  i  i 


It  is  possible  to  show  that  the  waves  with  the  following  indices 
are  the  propagating  ones: 


P<Y^;  where  v-  /(fj^ ff. 


and  only  one  wave  with  p=0  propagates  when  The  wave  numbers  for 

this  field  component: 


^ :  v.=  j/ 


(4) 


Determining  the  reflection  coefficient  at  the  input  of  the  system 


Let  us  compose  the  scattering  matrix  of  the  transition  from 
the  system  of  waveguides  to  a  system  of  parallel  plates: 


We  will  determine  the  elements  of  the  scattering  matrix  of  the 
transition  approximately,  taking  into  account  only  the  propagating 
kinds  of  waves  in  the  waveguides  and  in  the  system  of  parallel  plates, 
in  this  case,  boundary  conditions  (1)  for  the  transverse  components 
Ey  and  Hx  of  the  field  during  the  transition  from  region  I  to  region 
II  can  be  transformed  to  the  form 
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(I  +  A’l)  -  T 12  ,  | 
YU  —  Ri) =  Yo 7* u  ) 


where  Tj^  is  the  coefficient  of  transfer  across  the  boundary.  Similar¬ 
ly,  for  the  reverse  transition  we  obtain 

(!+#*>“  7a  | 

Yo(l  — Rt)  =  Y  7*i  i 


From  this  we  determine  the  elements  of  the  scattering  matrix  of  the 
transition: 


#»• 


V-  Vn 
Y  r  V, 


Rt=-. rr= 

Y  r  Y.  ‘  Y 
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r  -  2Yt 

/  si - - 


Y.  Y+Y* 

The  waves  at  the  interface  are  shown  schematically  in  Fig.  2. 
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Fig.  2. 


We  will  present  this  entire  system  in  the  form  of  a  connection  of 
five  waveguide  quadrupoles  (Fig.  3).  Here  Sj  and  S5  are  the  matrices 
of  transition  from  the  system  of  waveguides  to  the  system  of  parallel 
plates  (I— II  boundary) : 


S3  •  scattering  matrix  of  the  reverse  transition  (II— III  boundary): 


S, 


=  Rt  Tn 
.7  is  Ri 


The  second  and  fourth  quadrupoles  produce  only  a  phase  shift  of  the 
propagating  wave;  in  this  case,  the  transmission  coefficient  of  the 
compensating  section  (region  II)  depends  on  the  scan  angle  on  the  basis 


Of  (4).  S?= 

guide  array 
terminals: 


I,  while  the  scattering  matrix  S4  of  the  wave- 

e‘v*'  0  J 

region  III)  yields  only  the  transfer  of  the  plane  of  the 
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Now  we  proceed  to  the  transmission  matrices  of  the  quadrupoles,  we 
determine  a  composite  transmission  matrix  of  the  system  T=TgT4T3T2T^ 
and  then  a  composite  scattering  matrix.  In  this  case,  for  the  reflec¬ 
tion  coefficient  at  the  input  of  the  system,  we  obtain 

R-Ri+Rt Tk Tn o’ 5'*'  +  Ri r?2 Th e' (J v* ,+; v « . 

It  is  easy  to  show  that  when  T,2T:its:\  .  Then  the  reflection  coef¬ 

ficient  at  the  system's  input 

R  =  RA  l_elo4-ei(c4p'], 

where  a  =  2y0/;  p=2y</. 
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Fig.  3. 


We  define  the  square  of  the  modulus  of  the  reflection  coefficient  at 
the  input  as 

\R?~\Rx?F( a.  P).  (*) 

F(a,  P)  =  3 — 2  cos  a — 

2  cos  p  +  2  cos  (a  -f-  P). 


Here 


(5) 


Table  1 
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i  3 
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I  0 

i 
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1 
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*-s 

1.63 

0,54 

0.325  ^ 

0,232 

0,150 

0.14s  J 

0,124 

Formula  (5)  is  approximate,  since  only  the  propagating  types  of 
waves  were  taken  into  account  in  the  waveguides  and  in  systems  of  paral¬ 
lel  plates.  With  an  inphase  excitation  of  the  array,  the  plane  wave 
passes  through  the  entire  system  without  distortions,  and  higher  types 
of  waves  are  not  excited  at  the  boundaries  of  the  regions.  When  the 
phase  shift  between  the  adjoining  radiators  increases  from  0  to  yi,  , 
the  amplitudes  of  the  higher-type  waves  increase  from  zero  to  a  certain 
value,  which  is  shown  in  Table  1  for  X=3..2  cm,  axb=2. 3x1.0  cm^. 


Table  2 


*. 

CM 

0 

01 ! 

0.3  j 

0.5 

!  r  =  i  | 

l 

i 

; 

0.26  j 

0.10 

e  *'p 

r=  —  l 

' 

|  0.46 

0.10 

0.02 

Attenuation  of  waves  with  p=+l  along  region  II  with  ^0=  is  shown  in 
Table  2. 

Calculating  the  parameters  of  the  matching  scheme 

The  problem  of  coordination  of  the  system  is  reduced  to  the  minimi¬ 
zation  of  the  factor  F(ai  g)  .  Calculation  (see  Fig.  4)  shows  that  this 
function  turns  to  zero,  when  a=B  =  ir/3. 

The  quantity  a=2vo/  is  a  function  of  the  phase  shift  in  the  array 
i|>o ;  thus,  assigning  the  value  of  ,  at  which  a=Tr/3,  we  thereby  select 
the  inclination  angle  of  the  beam  at  which  F(4>J)=0.  Since  in  the  sys¬ 
tem  without  compensation  the  reflection  coefficient  1*2 ,  beginning  from 
zero  with  x=0,  increases  approximately  as  x^ ,  where  x  =  4t0/Yb,  the  value 
of  x'  at  which  it  is  desirable  to  have  F(x’)=0  should  be  selected  at 
the  end  of  the  working  sector  of  angles  \{;0  =  - yt> — +yb. 

Fig.  5  shows  the  dependences  |R(x)|  for  four  versions:  x'=0.6; 

0.7;  0.8;  and  0.9.  It  can  be  seen  from  the  graphs  that  when  x'=0.8, 
the  coordination  of  the  system  improves  significantly  as  compared  with 
the  original. 

Example  of  Calculation 


When  X=3.2  cm  and  axb=2. 3x1.0  cnr,  we  obtain  the  distance  from  the 
aperture  to  the  compensating  region  d=^=3.7  mm  and  the  length  of  the 
compensating  region  (=6.27  mm. 

In  this  case  the  reflection  coefficient  along  the  field  is  less 
than  5%  in  the  interval  4i0=-71-71°.  This  corresponds  to  the  scan  sec¬ 
tor  0=-4O-4O°.  In  such  a  sector,  for  a  system  without  compensation, 
the  reflection  coefficient  reached  35%  along  the  field  (see  Fig.  6). 

In  order  to  expand  the  scan  sector,  one  can  increase  the  width  of 
waveguides.  For  example,  with  a=4.6  cm  and  0=-61-61°. 

The  parameters  of  the  matching  system,  in  this  case,  are:  d=2.85  mm 
and  1=4.74  mm. 


After  differentiating  all  the  frequency-dependent  values  in  (*) 
with  respect  to  X,  we  obtain  the  following  for  the  most  dangerous  case 
(edge  of  the  interval  |x|=0.87  yb)  : 

*]*L  =  - 10,4—  . 

I#,  x 

From  this  we  find  that  by  increasing  the  frequency  by  2%,  the  maxi¬ 
mum  reflection  coefficient  along  the  field  becomes  equal  to  6%  instead 
of  5%  when  f=9370  MHz. 

Conclusion 

The  calculation  has  shown  that  the  system  examined  for  the  excita¬ 
tion  of  an  array  decreases,  to  a  considerable  extent,  the  change  in 
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the  reflection  coefficient  at  the  system's  input  when  scanning  over  a 
wide  sector.  The  coordination .of  the  array  improves  significantly. 
With  a  phase  shift  between  the  adjoining  elements  4i0=-0.87  yb-0.87  yb, 
the  maximum  reflection  coefficient  along  the  field  decreases,  as  com¬ 
pared  with  the  system  without  compensation,  from  35%  to  5%;  in  this 
case,  the  value  of  the  kbv  [traveling-wave  * ratiol  increases  from  0.48 
to  0.91. 
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CALCULATION  OF  THE  RADIATION  CHARAC¬ 
TERISTICS  OF  HIGHLY  DIRECTIONAL  ARC 
ANTENNAS 
A.  A.  Kuz'min 

This  article  examines  the  radiation  patterns  of  high-directional 
arc-antenna  array  (DAR) .  Simple  relations  were  obtained  for  calculat¬ 
ing  the  width  of  the  main  beam,  position,  and  size  of  the  aperture 
side  lobes  of  DAR  with  isotropic  radiators,  which  are  excited  uniformly. 

Introduction 

Much  attention  has  been  devoted  in  recent  years  to  the  axisymmet- 
rical  antenna  arrays  (circular,  spherical,  conical)  U,  2,  3,  4,  5  and 
other] ,  which  is  explained  by  a  number  of  advantages  of  such  antennas 
12]  over  the  plane  antenna  arrays.  Arc  antenna  array  (DAR)  are  the 
integral  part  of  the  axisymmetric  antennas.  Calculation  of  the  high- 
directional  (R>>A)  DAR  is  reduced  primarily  to  determining  the  form 
of  the  radiation  pattern  and  the  directivity  factor  (knd)  depending  on 
the  nature  of  the  amplitude  distribution  of  currents  through  the  radia¬ 
tors  at  a  given  phase  distribution.  There  are  no  fundamental  difficul¬ 
ties  in  calculating  the  radiation  properties  of  DAR  using  the  known 
amplitude-phase  current  distributions.  This  calculation  can  be  per¬ 
formed  using  the  expressions  for  the  radiation  patterns  of  the  high- 
directivity  DAR,  obtained  using  the  methods  of  an  equivalent  aperture 
and  a  stationary  phase  [1],  or  by  the  expressions,  which  are  similar 
for  the  linear  antennas. 

However,  these  expressions  are  quite  cumbersome  to  use  for  an 


analysis  and  they  require  the  use  of  a  digital  computer  for  calulation. 

Today  simple  expressions  are  available  which  are  convenient  to  use 
in  the  engineering  practice  for  calculating  the  radiation  characteris¬ 
tics  of  DAR  with  the  angular  apertures  0°  <2&<180° ;  these  expressions 
were  derived  on  the  basis  of  the  synthesis  method,  which  uses  the  con- 
version  of  a  nonuniform  antenna  array  to  an  equivalent  radiator  with  a 
continuous  distribution  of  amplitudes,  which  has  been  worked  out  most 
comprehensively  in  the  works  of  A.  Ishimaru  [6,  7]. 

General  Relations 


For  the  convenience  of  further  formulation,  we  will  consider  an 
arc  AR  [antenna  array]  arranged  in  a  rectangular  system  of  coordinates 
in  such  a  way  that  its  diametric  plane  is  horizontal.  Let  us  assume 
that  the  antenna  (Fig.  1)  consists  of  N  radiators,  which  are  arranged 
uniformly  along  the  arc  with  the  angular  aperture  2B  and  radius  R. 

Then  the  angular  distance  between  the  radiators  equals  0,  — 

_iP  2  (,v — l)  p  N 

s  s' 

It  is  not  difficult  to  obtain  an  expression  from  Fig.  1  for  deter¬ 
mining  the  phase  change  between  the  DAR's  radiators,  which  is  caused 
by  the  difference  in  the  travel  of  the  beams  to  the  point  in 

space.  Taking  into  account  the  electrical  phase  compensation  to  ensure 
inpahse  addition  of  the  fields  of  all  the  radiators  in  the  direction 
00  has  the  form 

Wp.  -cos /a)  ■:  (l) 

X(a—  to)-;- sin  lo.{u—uQ)] 

where 

u  =  sin  ?  cos  0, 

«o  =  sin<rocos0fl, 
v—  cos  <fCOS0, 

=  cos  <r0  cos  0O. 

We  present  expression  (1)  in  the  form 

V/  (<r.  9)  -  It  w.  +  A  it  (<r.  h,.  ( 2  J 

The  first  term  on  the  right  side  of  equality  (2) 

0)- A'flsin/a(«— k0)  V  (3) 

represents  a  phase  factor  for  the  radiation  pattern  of  a  nonuniform 
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antenna  with  the  rule  governing  the  arrangement  of  the  radiators  in 
the  form 

<//  =  /?sin/a.  (4) 

We  will  call  function  (3)  the  phase  factor  of  the  radiation  pattern 
of  a  nonuniform  antenna  radiating  transversely.  However,  the  second 
term 

©)  —  cos/a)(r— r0)  (5) 

characterizes  the  phase  change  caused  by  the  difference  in  the  travel¬ 
ing  of  beams  from  the  radiators  of  the  DAR  and  the  corresponding  elements 
of  a  nonuniform  antenna,  which  is  equivalent  to  it  and  radiating  trans¬ 
versely.  Accordingly,  we  call  function  (5)  the  phase  factor  of  the 
radiation  pattern  of  a  nonuniform  antenna  radiating  longitudinally  with 
the  rule  governing  the  arrangement  of  radiators  in  the  form 

=  caslo).  (6) 

It  follows  from  work  [1]  and  relations  (1),  (3),  and  (5)  that  the 
radiation  pattern  of  DAR  can  be  viewed  as  the  radiation  pattern  of  an 
equivalent  nonuniform  AR  with  the  phase  distribution,  which  is  dif¬ 
ferent  from  the  inphase  distribution  by  the  value  \-  <4. 6) 

In  view  of  this  fact,  we  use  the  conversion  of  the  nonuniform  array 
to  an  equivalent  radiator  with  a  continuous  distribution  of  amplitudes 
to  calculate  the  radiation  characteristics  of  the  DAR  [6,  7], 

We  will  obtain  a  number  of  auxiliary  relations  coupled  with  the 
presentation  of  formulas  (4)  and  (6)  in  the  form  [6]: 


»  =  S-rfi(s). 
l  =  Bls-ril  (s). 


(7a) 

(7b) 


where  tr  and  t  are  normalized  functions  of  the  position  of  the  radiators 
of  the  nonuniform  antennas  radiating  transversely  and  longitudinally, 
respectively;  Bj  -  constant  coefficient;  s  -  normalized  "function  of 
the  radiator  number *’>  jj(s)  and  rj(s)  characterize  the  deviations  in  the 
arrangement  of  radiators  in  nonuniform  AR  from  a  uniform  arrangement. 
Normalization  is  performed  such  that  a=dfcl,  i-Bu  with  s=+l,  while  the 
corresponding  deviations  £(—!)=  ( —  1  >  =0. 

If  we  present  the  right  parts  of  functions  (4)  and  (6)  in  the  form 
of  a  sum  of  two  terms,  one  of  which  characterizes  the  arrangement  of 
the  radiators  in  an  equally  spaced  linear  AR  and  the  other  -  deviation 
of  the  radiator  arrangement  in  an  unequally  spaced  AR  from  a  uniform 
arrangement,  and  assume  that  N-+-®,  then  formulas  (4)  and  (6)  will  be 
written  in  the  form 

w(s)  -  s-~  (sin {is  sin p  — s)  —  s  -rg(s),  ^ 

/  (s)  =  s  -M ( 1  —  cos  p  s) — s]  =  1 s  -f  7t  (s)| ,  ( g ) 


respectively,  where  is  a  constant  coefficient,  which  depends  only 
on  the  value  of  26. 

The  values  of  the  coefficient  B^ ,  as  it  ensues  from  formula  (6), 
can  be  determined  from  the  relation 


B  j—  i  — cos  p. 


(10) 


For  the  convenience  of  further  presentation,  we  present  the  rules 
and  of  the  deviation  of  the  arrangement  of  the  radiators 

from  a  uniform  arrangement  in  the  form; 


g  (s)  -  sin  p  s  sin  p — s  =  5  sin  a  s, 

^(s)-  (I— cosps)  — (J— cosp)s  -  — B,sinas, 


(ID 

(12) 


respectively. 

Using  the  approximation  via  the  method  of  least  squares,  it  is 
easy  find  that  equalities  (11)  and  (12)  will  be  valid  if 

2  JIW _ (P  -»)» 


B 


n  I  -  (p 


Bj  =  (I  -f  cos  P)  —  — 1 


a  1  -  <p  a)‘ 


(13) 
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In  this  case  the  value  of  the  mean  square  error  is  less  than  5%. 

As  a  result  of  these  transformations,  the  phase  factor  (1)  of  the 
radiation  pattern  of  the  DAR,  which  was  converted  to  an  equivalent 
radiator  with  a  continuous  distribution,  will  assume  the  form 


Here: 


9(9.  0,  s)  =  (s -f  flsinn s)(U  —  UJ  +  —  B-sinas;)(V'—  VJ. 


U  *=  KR  sin  P  sin  <p  cos  0;  Ut  =  %R  sin  p  sin  cos  0O; 
V9=  f(Rcos<t0cosS0;  l'  =  A'/?cos<f  cos©. 


(15) 


Derivation  of  an  expression  for  the  radiation  pattern  of  a  DAR 

The  known  expression  for  the  radiation  pattern  of  a  DAR  consisting 
of  N  radiators  whose  directivity  is  described  by  the  function  a) 

and  amplitude  distribution  {/;}.  has  the  following  form: 

C(«p,  0)=  V/ffl(<r,  u)e'V*-e»  ,  (16) 

where  9,(<r,0)  is  the  phase  factor  defined  by  formula  (1). 

As  was  shown  in  work  [6],  summation  of  series  (16)  can  be  accom¬ 
plished  by  using  the  Poisson's  summation  formula.  In  this  case,  series 
(16),  with  the  selection  of  the  origin  of  the  coordinates  at  the  center 
of  AR  and  the  total  length  of  the  aperture  normalized  to  2,  is  presen¬ 
ted  as 

C(f.  0)^  V  (-ir‘v-«»Cm(-f.  0),  (17a) 

<?«(9.  ©)  =  -y  J/(s)f|(5,  0,  j) e-1  ,,l( + ' »■  l«i (t/- v,i  + 1 m  vn i ^  (17b) 


where  (?(s)  and  t(s)  are  the  normalized  functions  of  the  position  of 
the  radiators,  defined  by  formulas  (8)  and  (9),  respectively.  Substi¬ 
tuting  formulas  (8)  ,  (9)  ,  (11)  ,  and  (12)  in  (17b)  and  assuming  that 
7\(t- 0. s)-l,0;  I(s)=1.0,  we  obtain 

i 

(fm  (9.  0)  3  —  fe-1  (1*1*— a*  *ln  »  *n+l  »(’-('•>  <*+IWa.i»l-rl  m  v  a  »  (18) 


-I 


Taking  into  account  the  even  symmetry  of  the  function  t(s)  and 
after  a  series  of  transformations,  integral  (18)  is  written  as  follows 
by  means  of  the  Anger  and  Lommel-Weber  functions: 

C«(9.  —  |'V_m*(*)  +  (*i)  +  H^vW  +  £,|+„V  (*i)J ,  (19a) 
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where  A,(z),  E,(z)  are  the  Anger  and  Lommel-Weber  functions,  respectively, 
defined  in  work  (10]: 


*1  i  ’  '  -  —  . 

n 

?»  - (I' —  - B (L'-UJ.  z  =  B . (I  - VJ+B(U-L\) 


(19b) 


Substituting  formula  (19a)  in  series  (17a)  ,*  we  obtain  an  expression 
for  a  three-dimensional  radiation  pattern  of  a  DAR,  presented  in  terms 
of  the  Anger  and  Lommel-Weber  functions:- 

0(t.  e )-G„(<p.  *)-V  6)  +  G_m(< p.  6)],  (20) 

m- 1 

where 

g„(t.  ©)-y  !4(*’)-?-\W  +  i\EJz)  ffv,  (?»)]'.  (21) 


As  it  follows  from  formulas  (20  and  21),  the  radiation  pattern  of  the 
DAR  is  presented  in  the  form  of  two  addends,  of  which  the  first  de¬ 
scribes  the  directed  properties  of  the  DAR  with  a  continuous  aperture 
and  the  second  determines  the  deviation  of  the  radiation  pattern,  caused 
by  the  discreteness  of  arrangement  of  the  radiators.  Let  us  examine 
the  characteristics  of  the  DAR's  directivity  in  two  mutually  perpen¬ 
dicular  planes:  in  the  plane  of  the  arc  (plane  xoy)  and  in  the  plane 
of  a  normal  plane  (plane  xoz) . 

Analysis  of  radiation  pattern  of  a  DAR  with  a  continuous  aperture  in 
the  arc  plane 

As  it  follows  from  the  preceding  section,  the  formula  G„(<r, 6)  for 
the  radiation  pattern  of  the  DAR  with  a  continuous  aperture  (N-*-®)  is 
obtained  from  formula  (19a)  by  substitution  m=0  and  has  the  form 

C,(T.  0)--i  'A(:)-f  A,W  +  i[EvW  +  E„Wl!-  (22) 

Since  the  Anger  and  Lommel-Weber  functions  are  tabulated  in  [9] , 
it  is  much  easier  to  calculate  the  radiation  pattern  by  formula  (22) 
than  bj  the  expression  obtained  by  means  of  an  equivalent  aperture  [1], 

Furthermore,  taking  into  account  that  (10] 

( - *).  E_v  «  -  -  Ev  (- z), 

the  following  equation  is  valid  for  calculating  the  main  beam  and  the 
aperture  side  lobes  of  highly  directional  DAR: 


(23) 


Gy(?)  =  i4y  (-BU). 


Radiation  patterns  (main  beam  and  aperture  side  lobes)  calculated 

«  | 

by  formula  (23)  for  the  various  values  of  —  - - are  shown  in  Fig.  2. 

i  a  a 

The  analysis  of  (23)  and  the  curves  presented  in  Fig.  2  shows  that 
the  form  of  the  DAR's  radiation  pattern  depends  substantially  o'  *-he 
selection  of  the  parameters  R  and  6. 


Fig.  2. 


KEY:  (a)  Envelope  of  the  second  aperture  lobes.  (b)  Envelope  of  the 
third  aperture  lobes.  (c)  Envelope  of  the  first  aperture  lobes. 


Since  the  inequality  M<|v|  is  fulfilled  for  the  <r  values,  which 
are  within  the  width  of  the  radiation  pattern  2A<jo,  with  respect  to 
the  first  zeros  and,  furthermore,  the  z  and  •>)  are  small  with  respect 
to  the  absolute  value,  then  using  an  asymptotic  expansion  of  the  Anger 
function  [10]  and  having  retained  only  the  first  terms  of  the  series 
we  obtain 


g’  iu)  =  -in— 1  - 

'  -  U  l  - 


(24) 


The  first  cofactor  of  the  obtained  expression  describes  the  radia¬ 
tion  pattern  of  a  uniform  linear  AR,  while  the  second  takes  into  ac¬ 
count  the  specific  properties  (curvature)  of  the  DAR. 

In  this  case,  it  is  easy  to  see  that  the  second  factor  for  the 
region  of  the  angles  of  the  main  beam  (l/<.-i)  will  be  less  than  unity. 
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This  attests  to  the  fact  that  the  main  beam  of  the  DAR  is  narrower  than 
the  main  beam  of  a  linear  antenna  with  the  same  aperture.  The  patterns 
of  both  antennas  coincide  with  a  decrease  in  the  angular  aperture  ?? 
of  the  DAR. 


The  width  of  the  main  beam  of  the  DAR  is  defines  from  e? 
(24)  as: 

a)  using  nulls 


b)  using  level  0  •  5  Gfnj 


2Aq° - 5-7-3—  , 

£  sin  PI  I  r'.t/l 


„  ,  .  27  X 

a,Po-»=£sinpKrnrg' 


r  ssion 


(25s) 


(25b) 


Expression  (23)  also  makes  it  possible  to  explain  the  behavior  of 
the  (aperture)  side  lobes. 

For  this,  on  the  basis  of  the  solution  of  A  2w(7tr)>=0  and  Fig.  2, 
graphs  were  constructed  for  the  position  r0p  of  thi^  zeros  of  the  func¬ 
tion  ^ — fL^^in  the  range  0<z^3  depending  on  the  number  of  p  (Fig.  3). 

As  can  be  seen  from  Fig.  3,  dependences  2cP-f(p)  have  the  form  of 
straight  lines  for  the  various  values  of  2B;  in  this  case,  all  lines 

intersect  at  the  same  point  D  with  the  coordinates  (1,  0) .  Analytical- 

4 

ly,  dependences  zop=/(p)  are  expras- 
/  sed  by  the  relation 

»t  (26, 


/  v' 
/ 


Fig.  3. 


where  fl-_ *— . 

n  I— (P/a)* 

Having  p  rmitted  the  maxima  of 
the  function  A_u_(BU)  in  the  first 

a 

approximation  to  arrange  symmetrical¬ 
ly  between  the  corresponding  zeros, 
from  formula  (26)  the  position  of 
the  maxima  of  the  aperture  side  lobes 
of  the  DAR's  radiation  pattern  are 


defined  as 


g—rr  =  arc  sin  ^1,04  X 


4p-M 

fc£*mp 


■4 


The  calculations  have  shown  that  for  determining  the  position  of  the 
maxima  of  the  aperture  side  lobes,  the  error  of  formula  (27)  does  not 
exceed  2.5%. 

Having  substituted  formula  (27)  in  formula  (23),  it  is  possible  to 
find  the  values  of  the  aperture  side  lobes  of  the  DAR  with  the  various 
values  of  28: 

C««(p)  =  ^(-nfi^).  (28) 

It  follows  from  expression  (28)  that  the  value  of  the  aperture  side 
lobes  is  determined  only  by  the  angular  aperture  28  of  the  antenna. 

It  is  interesting  to  note  that  the  maxima  of  the  aperture  side  lobes 
approach  the  values  of  the  corresponding  lobes  of  a  uniform  linear  an¬ 
tenna  with  a  decrease  in  the  value  of  28.  The  latter  is  explained  by 
a  decrease  in  the  density  concentration  of  the  radiated  energy  at  the 
edges  of  the  antenna. 


Effect  of  a  finite  number  of  radiators  on  the  DAR's  radiation  pattern 
in  the  arc  plane 


Distrortions  of  the  radiation  pattern  caused  by  a  finite  number  of 
radiators  are  described  by  the  series 

<W?>~ (-1  r,'v-|,;/U.vWTA,,.vW  +  -v  - 

fUtml 

*r  Av1+m.v  (?»)  [  E v-m  V  -  Ev+m.V  «  -  Ev,— m.\  +  Ev.+».  V  1 '  • 

As  is  known  [6] ,  when  the  below  inequalities  are  satisfied 


(29) 


|>— m  Ar;  >  \z\,  Jv  -T-  m.V|  >  | 

\n  -  m.V,  >  >1!.  h  m.x\  >  j.-,  | 


(30) 


the  values  of  the  Anger  and  Lommel-Weber  functions  are  negligibly 
small,  then,  as  one  can  see,  the  approximation  <<  =  is  valid  in 

the  region  of  angles  .  Thus,  to  calculate  the  main  beam  and 

the  aperture  side  lobes  of  the  DAR  with  a  finite  number  of  radiators, 
we  can  use  the  formulas  and  graphs  obtained  in  the  preceding  section. 
Let  us  now  examine  the  conditions  for  the  fulfillment  of  inequalities 
(30)  in  the  region  of  angles  which  are  removed  considerably  from  the 
main  beam  (<r >5A<fo)  . 

After  substituting  the  values  of  v.  v,.  z.  zx  in  (30),  it  is  easy  to 
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see  that  the  first  and  fourth  inequalities  are  satisfied  for  the  entire 
range  of  change  in  U  and  V,  whfle  the  second  and  third,  respectively, 
assume  the  form 

|B, 1'J  (U — 1'J  -f  m.V.V,  >  !-  B{L'-V0) |  |  (31i 

|5,  (l' —  l’o)  -1-  (U-l\)—m  X  nj  >  a  | Bt  (I I' —  Vu)  - B(C  -  -  L'0),  J  ‘ 

In  order  for  the  parasitic  diffraction  lobes  to  be  absent,  inequali¬ 
ties  (30)  must  be  fulfilled  over  the  entire  range  of  change  in  the 
values  of  U,  UQ,  V,  and  VQ,  i.e.: 

— A'tfsinp<C<  A7?sinp,  —A '/?<!'  • ' X‘R, 

—KRsinp  A  Asinp.  -  A'/?  ^  I  d  ^  KR. 

We  note  that  the  first  part  of  inequalities  (31)  assumes  the  maximum 
value  with  the  values: 


V-=l',  =  0,  U=—L\ --A'flsinp.  (32a) 

Taking  into  account  conditions  (32a) ,  it  is  easy  to  show  that  in¬ 
equalities  (31)  are  satisfied  if 

d<± - £ - .  (32b) 

2  sin  p  ( I  +  a  B) 

In  this  case,  the  second  factor  in  the  right  side  of  (32b)  for 

°4B*1.57  . 

- “ - «  1 ,0. 

sinf>(l  +nB) 

Consequently,  the  condition  for  the  absence  of  the  parasitic  dif¬ 
fraction  lobes  in  the  DAR  with  a  finite  number  of  radiators  is  the  ful¬ 
fillment  of  the  inequality  d<^,  which  coincides  with  an  analogous  con¬ 
dition  for  the  linear  and  circular  [3]  AR.  It  is  obvious  that  with 
d<^  the  radiation  patterns  of  the  DAR  can  be  calculated  by  formula 
(22). 

If  d>^,  parasitic  lobes  appear  in  the  radiation  pattern  which  are 
calculated  by  the  formula 

Cy*.  (qp)  -  V  (-  if'*-0  {A^  (?)  +  W + 

2  Ufcf  (33) 

+  (  W  +  Eyt-mN  Wli* 

Formula  (33)  differs  from  (29)  by  the  absence  of  the  terms  of  the 
Anger  and  Lommel-Weber  function  with  the  orders  v— mN  and  vi+mAr;  since 
their  values  are  negligibly  small.  Series  (33)  is  a  rapidly  converg- 


(34a) 


ing  one. 

This  is  easy  to  show  if  we  consider  the  inequalities 

|»  +  mN I  c  M.  h— mN\  <  (?,|, 

with  the  fulfillment  of  which  the  value  of  deviation  Gy**  {$)  will  be 
considerable. 

Having  performed  the  transformations  with  inequalities  (34a)  which 
are  analogous  to  the  preceding  case,  it  is  possible  to  obtain  the  con¬ 
ditions  for  their  fulfillment  accordingly: 

d > _ 2!jy? _ 

^  (B,  ~ n Bt)  (1  —  cos<p)  —  sinf  (1  —  a S) sinq;  '  (34b) 

j  _  _ m  ?.  ft _ 

*in  p  (1  +  n  sin  f  —  (fi|  —  «  5,)  (1  —  cos 

Since  the  right  sides  of  inequalities  (34b)  assume  the  minimal  value 
when  cp_,=90°  they  can  be  rewritten  in  the  form: 


^  >  _ mXp _  d>  _ mXP _ 

(B,-rnflj)4-sinP(l— JiB)  *  sinp  (1  +  n  B)  —  -  nfl,) 


(34c) 


When  0-*O,  a  know  relation  d=X  ensues  from  (34c)  -  which  is  the  con¬ 
dition  for  the  appearance  of  the  diffraction  lobe  in  the  direction 
</«X,  in  a  linear  AR.  The  analysis  of  (34c)  also  shows  that  it  is 
sufficient  to  limit  oneself  to  one-two  (m=1.2)  terms  in  sum  (33)  to  cal 
culate  the  distortion  of  the  DAR's  radiation  pattern  caused  by  the 
discreteness  of  arrangement  of  the  radiators  with  d«A,  i.e., 

Om  M  -  -i-  V<-  If  1-V..V  W  +  V~v  W  +  ,35, 

+  '  [Ey+mN  (?)  + 

To  illustrate  this  analysis,  an  example  is  given  in  Fig.  4a,  b  for  cal¬ 
culating  the  radiation  pattern  and  its  components  for  the  DAR  with 
the  following  parameters:  KR=30,  N=ll,  d=X,  20=125.4°,  and  Ft(<p)=1.0. 
For  a  comparison,  the  radiation  pattern  was  calculated  on  both  the 
digital  computer  "Ural-2"  (Fig.  4b,  solid  line)  using  formula  (16)  and 
by  the  expressions  (22)  and  (35)  obtained  anew  (the  calculation  points 
in  Fig.  4b  are  indicated  by  crosses) . 

In  this  case,  in  order  to  show  the  effect  of  radiation  G0(<r)  of 
a  continuous  arc  antenna  and  the  distortion  caused  by  the  presence  of 


a  finite  number  of  radiators  on  the  formation  of  the  radiation  pattern, 
their  calculation  was  performed  individually  (Fig.  4a).  Fig.  4b  also 


Fig.  4. 


shows  the  combined  real  and  imaginary  components  of  DAR's  radiation  pat¬ 
tern.  These  curves  show  clearly  two  regions  of  the  radiation  pattern: 
region  of  the  main  beam  and  aperture  side  lobes  (<f<I6c)  and  region  of 
the  diffraction  lobe  (54°^<f<76)  . 

The  analysis  of  the  curves  shows  that  the  main  beam  and  the  aper¬ 
ture  side  lobes  of  an  arc  AR  are  determined,  primarily,  by  the  real 
radiation-pattern  component  of  a  continuous  arc  antenna,  while  the  dis¬ 
tortions  introduced  by  the  discreteness  of  arrangement  of  the  radiators 
are  virtually  zero.  With  a  further  increase  in  the  angles  <f>16°  ,  the 
discreteness  of  arrangement  of  the  radiators  begins  to  affect  the  form 
of  the  radiation  pattern  of  the  DAR  which,  in  the  region  of  angles 

,  which  causes  a  rather  significant  in  size  (=50%  along  the 
field)  diffraction  lobe  with  a  maximum  at  <r»65°  .  It  should  be  noted 


that  the  calculation  of  the  distortions,  which  are  caused  by  a  finite 
number  of  radiators  arranged  at  the  interval  d«X,  was  performed  using 
formula  (35).  In  this  case,  as  can  be  seen  from  Fig.  4b,  the  agreement 
between  the  results  obtained  from  the  calculations  performed  on  a 
digital  computer  and  manually  is  good. 

Thus,’ the  calculation  that  was  performed  confirmed  the  validity  of 
the  assumptions  made  earlier  in  the  derivation  of  relations  (23),  (25), 
(34)  and  other  for  calculating  the  radiation  characteristics  of  DAR. 

Analysis  of  the  radiation  pattern  of  a  PAR  in  the  vertical  plane 


For  most  of  the  cases  realized  in  practice,  it  is  necessary  to  en¬ 
sure  the  displacement  of  the  main  beam  of  a  DAR  only  in  the  arc  plane; 
therefore,  it  is  advisable  to  assume  that  0a=O.  Furthermore,  to  simpli¬ 
fy  the  analysis  of  the  vertical  radiation  pattern,  we  will  assume  that 
the  maximum  of  the  main  beam  in  the  arc  plane  has  the  direction  «f0=0. 
Under  these  conditions,  the  vertical  radiation  pattern,  as  it  follows 
from  formula  (20) ,  is  written  as 


where 


g  («) = \  w  t  i  (-  ir  <*) + \+mN  W + 

n«l 

+  m.V  (Z0)  +  ^v.+m.V  (*o))I» 

»•=  — (V'— K>);  =  KR  cos  0 

n 

^Bt<y-v0y,  v0=kr 


(36) 


If  the  DAR  with  a  relatively  large  number  of  radiators  (N-*-“)  are 
used,  which  is  such  that  N>-voraax,  the  vertical  radiation  pattern  of 
such  an  array  is  written  as 

C0  (©)  =  4,,(?o)  +  i  Ev.(*«)-  (37) 

It  follows  from  formula  (37)  that  when  (3-*-0 ,  the  radiation  pattern 
G, (0)  approaches  that  of  the  isotropic  pattern  [A0(O)=l,  E0(0)=0], 
which  corresponds  to  the  case  of  a  linear  antenna.  Furthermore,  since 
for  the  relatively  small  angles  0(0=+2O°)  cos  0=1,  it  can  easily  be  seen 
from  expression  (37)  that  the  form  of  the  vertical  radiation  pattern 
corresponding  to  the  arc  factor  is  close  to  that  of  a  plateau.  The 
last  position  coincides  with  the  results  of  work  ( 8 ] . 

If  we  take  into  account  that  the  ratio  —  remains  constant  in 

<• 
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magnitude  when  8=const  and  4*(r0)-£!  (r^=0,5  when  «,  =  —  cos0) *0.85  » 

•  •  .1 

then  the  width  of  the  radiation  pattern  corresponding  to  the  factor  of 
the  arc,  at  a  level  of  half  the  power,  is  defined  as 


2  A  =  2arc  cos[  1 


_ O.Kin 

KR(  I  —  cos 


(38) 


The  calculations  have  shown  that  the  accuracy  of  formula  (38)  is 
higher  than  that  of  the  corresponding  relation  obtained  in  work  (8J 
and  comprises  a  value  of  »2%. 

Having  performed  the  calculations,  which  are  analogous  to  the  pre¬ 
ceding  section,  it  is  possible  to  show  that  the  number  of  terms  m  that 
should  be  taken  into  account  in  the  second  term  on  the  right  side  of 
formula  (36)  that  characterizes  the  effect  of  the  discreteness  of  ar¬ 
rangement  of  the  radiators  on  the  form  of  the  vertical  radiation  pat¬ 
tern,  is  determined  by  the  inequality 


m  < 


d  i-cosp-t-3- 

T  P 


(39) 


It  follows  from  inequality  (39)  that  its  fulfillment  for  m=const 
depends  on  the  ratio  d/A  and  the  quantity  2g  of  the  DAR.  Thus,  for 
example,  for  the  cases  m=l  and  m^  the  fulfillment  of  inequality  (39) 
is  determined  by  the  dependences 
d/A=f (8)  (Fig.  5).  In  Fig.  5  the 
region  located  below  the  curve  cor¬ 
responding  to  m=l  shows  that  in  the 
first  approximation  the  radiation 
pattern  G(0)  of  a  DAR  with  d/A<l 
corresponds  to  the  radiation  pattern 
of  the  DAR  with  a  continuous  aper¬ 
ture  and,  consequently,  formula  (37) 
is  valid  for  this  domain  of  values 
for  d/A.  For  the  ratio  d/A  lying  within  l^d/A.$1.5,  as  it  follows  from 
the  shaded  area  (Fig.  5),  it  is  enough  to  limit  oneself  to  one-two 
terms  in  sum  (36),  i.e., 

Cy„  (9)  -  V  (- If  [4Vt_m.v,  fc)  +  i WJ-  (40 ) 
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A  series  of  calculations  were  performed  to  verify  the  correctness 
of  the  assumptions  used  in  analyzing  the  radiation  patterns. 

Figures  6  and  7  show  the  vertical  radiation  patterns  of  a  DAR  with 
the  angular  aperture  26=90  and  180  ,  respectively,  calculated  on  a 
digital  computer  using  formula  (16)  (for  the  case  <j  =  0).  in  this  case. 


Fig.  6. 

the  period  at  which  the  radiators  were  arranged  comprised  d=0.835A  and 
1.5A  for  each  value  of  26-  The  points  calculated  by  fornula  (37)  are 
indicated  by  crosses  on  the  patterns  shown. 


1 


It  can  be  seen  from  the  comparison  of  the  calculated  values  that 
the  final  number  of  radiators  virtually  has  no  effect  on  the  form  of 
the  vertical  pattern  corresponding  to  the  arc  factor  for  the  distances 
d=0.835X.  Good  coincidence  is  observed  with  an  increase  in  the  distance 
between  the  radiators  for  the  radiation  patterns  corresponding  to  d= 
0.835X  and  1.5X  within  the  angles  0^0^50°.  In  the  region  of  angles 
0>5O°,  the  radiation  pattern  is  calculated  by  formulas  (37)  and  (40) 

(in  Figs.  6  and  7,  these  values  are  indicated  by  dots).  As  can  be  seen 
from  Figs.  6  and  7,  taking  into  account  just  terms  in  sum  (36)  ensures 
good  agreement  between  the  results  derived  from  the  calculation  of  the 
radiation  patterns  by  the  original  and  approximate  formulas. 

Thus,  the  conclusions  obtained  on  the  basis  of  the  analysis  of  ex¬ 
pression  (36)  are  in  good  agreement  with  the  results  of  the  calculations 
performed. 

Conclusions. 

1.  The  approach  examined  for  calculating  the  radiation  characteris¬ 
tics  of  DAR,  which  is  based  on  the  presentation  of  the  radiation  pattern 
in  series  of  the  Anger  and  Lommel-Weber  functions,  makes  it  possible  to 
obtain  very  simple  relations  for  determining  the  width  of  the  main  beam, 
magnitude  of  the  aperture  side  lobes,  and  their  angular  position  de¬ 
pending  on  the  geometrical  dimensions  of  the  arc  R,  20  and  thus  simpli¬ 
fy  the  engineering  calculation  of  such  antennas  considerably. 

It  was  shown  that  the  magnitude  of  the  aperture  side  lobes  depends 
only  on  the  values  of  20  of  a  DAR. 

2.  This  method  can  also  be  applied  for  calculating  other  AR  that 
are  not  plane,  arranged  on  bodies  of  revolution. 
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